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Abstract. We adapt the metric approach to the study of stationary ergodic 
Hamilton-Jacobi equations, for which a notion of admissible random (sub)solution 
is defined. For any level of the Hamiltonian greater than or equal to a distin- 
guished critical value, we define an intrinsic random semidistance and prove that 
an asymptotic norm does exist. Taking as source region a suitable class of closed 
random sets, we show that the Lax formula provides admissible subsolutions. 
This enables us to relate the degeneracies of the critical stable norm to the exis- 
tence/nonexistence of exact or approximate critical admissible solutions. 



1. Introduction 

The main purpose of the paper is to adapt the so-called metric method, which has 
revealed to be a powerful tool for the analysis of critical Hamilton-Jacobi equations 
posed on compact spaces, see [21 QUI [IT], to the stationary ergodic setting. Loosely 
speaking, the ergodicity can be viewed as a weaker form of compactness, mostly 
thanks to some powerful asymptotic results, like Birkhoff and Kingman subadditive 
Theorems, that we repeatedly employ in our research. 

We consider a probability space $7, on which the action of WL N gives rise to an 
iV-dimensional ergodic dynamical system, and a random continuous Hamiltonian 
H(x,p,uj), which is stationary with respect to such dynamics, and, in addition, 
convex and coercive in the momentum variable. 

We look for admissible subsolutions of the corresponding stochastic Hamilton- 
Jacobi equations at different levels of the Hamiltonians. By this we mean Lipschitz 
random functions which are almost surely subsolutions either in the viscosity sense, 
or, equivalently, almost everywhere, while the term admissible refers to the fact that 
they are stationary or, in a weaker form, that they possess stationary increments 
and gradient with vanishing mean. Exploiting ergodicity and Birkhoff Theorem, this 
last property turns out to be equivalent to the almost sure sublinearity at infinity. 

Actually, we prove that the infima of the values for which the corresponding 
equations admit a subsolution of the two types coincide. This quantity is called the 
stationary critical value of H and will be denoted by c. The difference is that, due to 
lack of stability, the existence of a stationary subsolution to H (x, Dv, to) = c can fail 
already in the one-dimensional setting, see [TT], while an Ascoli-type theorem, see 
Theorem 14.31 adjusted to the random environment, guarantees to find subsolutions 
of the latter class to the critical equation. For this reason we will use, from now on, 
the word admissible in the weak sense. 

The relevance of the critical value is in the fact that it is the unique level of H for 
which the corresponding Hamilton-Jacobi equation can have admissible (viscosity) 
solutions or approximate solutions, see Section [4] for definitions. These objects can 
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be used as exact or approximate correctors in related homogenization procedures 
implementing the perturbed test function method |13t I14j. 

Existence and nonexistence issues for exact and approximate solutions are relevant 
open problems in the field. So far, the setup has been completely clarified only in the 
one-dimensional case where we proved the existence of approximate or exact 
correctors, depending on whether belongs or not to the interior of the flat part of 
the effective Hamiltonian. 

What is disappointing, at first sight, about the metric approach in this context, is 
that it is, in the starting point, purely deterministic, with oj playing just the role of 
a parameter. We in fact define for every oj € and a € M an intrinsic semidistance 
S a starting from the support function of the a-sublevel of H(x, -,uj). 

It is well known that such a distance is finite if and only if H(x, Du, uj) = a admits 
(deterministic) subsolutions. A new critical value, depending on uj, say Cf(uj), then 
comes at the surface, corresponding to the minimum a for which the equation admits 
subsolutions. Because of the measur ability properties of the Hamiltonian the map 
uj i — ^ Cf(io) is a random variable, which is, in addition, almost surely constant by the 
stationarity of H and the ergodicity assumption. Such a constant will be denoted 
by cj and called free critical value to distinguish it from c. For the same reasons, 
S a is, for a > Cf, a stochastic semidistance, namely a random variable taking value 
in the family of semidistances endowed with the local uniform convergence. It is 
apparent from its very definition that Cf < c, and strict inequality is possible. 

From what previously outlined, it is clear that the intrinsic distances S a cannot 
be useful per se to our analysis, in particular the critical level cannot be detected 
through the appearance of some degeneracies of the corresponding intrinsic random 
distance, like in the compact setting. As a matter of fact, such kind of phenomena 
do not take place, in general, even when a < c. Some other steps should therefore 
be accomplished. 

We basically follow two ways: first, we perform an asymptotic analysis of intrinsic 
distances showing that corresponding (deterministic) stable norms, say <f> a , do exist 
for any a > Cf and enjoy some relevant properties; secondly, we generalize Lax-type 
formulae to the stochastic environment providing a class of admissible subsolutions. 
Through the interplay of these lines of investigation, we establish in the end some 
of our main results. 

To show that there is a stable norm, even in the deterministic case, some kind 
of subadditive principle is needed, see for instance [3]. Here we use Kingman's 
Subadditive Ergodic Theorem and mimic the proof given in 22, 23J for the existence 
of an effective (homogenized) Hamiltonian. The stable norms (ft a are of Minkowski 
type, possibly degenerate; we actually prove that the critical value is the infimum 
of the a for which <p a is nondegenerate. 

Such norms, being convex and positively homogeneous, are the support functions 
of some compact convex sets which can be interpreted as the associate dual unit 
balls. We show that they coincide with the corresponding sublevels of the effective 
Hamiltonian, denoted by H. In this manner we provide a new simpler proof of a 
result already established in [20] through PDE techniques, namely that the effective 
Hamiltonian coincides with the function associating with any P € the stationary 
critical value of the Hamiltonian H(x,P + p,uo), see Theorem 16.51 Moreover we 
show that the free critical value is the minimum of H; an analogous result have been 
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obtained in [16] for Hamiltonians denned in unbounded spaces and enjoying some 
form of symmetry. 

Regarding the Lax formula, we recall that for any fixed u> a class of fundamental 
subsolutions to H(x, Du,u) = a is built up by 

where C is a closed subset and g a function defined on it which is 1-Lipschitz contin- 
uous with respect to S a . These kinds of functions are, in addition, solutions outside 
C. To get through this pattern admissible subsolutions, appropriate conditions have 
to be assumed on the source set, which depends on lo, as well as on the trace, linking 
them to the stationary ergodic structure. 

The key idea, already exploited in [TT], is to borrow some tools from stochastic 
geometry (see |21j for a comprehensive treatment of this topic), and to take as 
source region a stationary closed random set. That is to say a random variable 
taking values in the family of closed subsets of M> N endowed with the Fell topology 
which, in addition, satisfies a compatibility property with the ergodic dynamics, see 
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With this choice the Lax formula gives an admissible subsolution for any station- 
ary Lipschitz random function g, provided it takes finite values, see Proposition 14.81 
This latter condition is always fullfilled when g is itself an admissible subsolution, 
see Proposition 14.91 In this instance, the more delicate item to prove is that the 
function so obtained is sublinear at infinity, and for this scope it is essential the 
asymptotic formula for random closed stationary sets which, in turn, relies upon 
Birkhoff Theorem. 

We use the information gathered to investigate on the existence of exact correctors 
when c = Cf. At this level, some degeneracies of the intrinsic semidistance may 
appear. The collection of points around which the latter fails to be equivalent to the 
Euclidean one form the classical Aubry set Af(uj), which, in this setting, turns out to 
be closed random and stationary. Thus, when it is almost surely nonempty, Af(u) 
can be used as source region in the Lax formula to construct an exact corrector. If, 
on the contrary, it is almost surely empty and, in addition, the stable norm <j) c is 
nondegenerate, in other terms if no metric degeneracies take place at finite points 
or at infinity, then no correctors can exist, see Theorem 16.61 Note that all known 
counterexamples to the existence of correctors are in this frame. 

When c = cj and the latter agrees with sup x inf p H(x,p, u) almost surely, we 
also prove that approximate correctors can be constructed, always exploiting Lax 
formula, by taking as source region the set of ^-approximate equilibria, see Propo- 
sition 16.71 It should be interesting to prove or disprove that such a property holds 
true whenever c = cj 

The paper is organized as follows: in Section [2] we fix notations and expose some 
preliminary material. In Section [3] we introduce two different definitions of measur- 
ability for set-valued variables and the notion of stationarity; further we describe 
the main properties of the class of admissible random functions. Some proofs are 
postponed to the Appendix. Section H] is focused on stochastic Hamilton-Jacobi 
equations and Lax formulae. In Section [5] we show the existence of the stable 
norms associated with the intrinsic distances and we study their connection with 
the effective Hamiltonian. Section [6] is devoted to statements and proofs of our fi- 
nal results, and ends with an example showing up some major differences with the 
one-dimensional setting. 
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2. Preliminaries 
We write below a list of symbols used throughout this paper. 
N an integer number 

Br(xq) the closed ball in 1^ centered at xo of radius R 
Br the closed ball in R N centered at of radius R 
( ■ , • ) the scalar product in 1^ 

• | the Euclidean norm in R N 

K+ the set of nonnegative real numbers 
B(R N ) the o--algebra of Borel subsets of R N 
Xe the characteristic function of the set E 

Given a subset U of R N , we denote by U its closure. We furthermore say that 
U is compactly contained in a subset V of R N if U is compact and contained in V. 
If E is a Lebesgue measurable subset of 1^, we denote by \E\ its TV-dimensional 
Lebesgue measure, and qualify E as negligible whenever \E\ = 0. We say that a 
property holds almost everywhere (a.e. for short) on M. N if it holds up to a negligible 
set. We will write ip n z4 <p on R N to mean that the sequence of functions (ip n ) n 
uniformly converges to (p on compact subsets of R N . 

With the term curve, without any further specification, we refer to a Lipschitz- 
continuous function from some given interval [a, b] to R N . The space of all such 
curves is denoted by Lip([a, b], R N ), while Lij> xy ([a,b],'R N ) stands for the family of 
curves 7 joining x to y, i.e. such that 7(a) = x and 7(6) = y, for any fixed x, 
y in R N . We denote by W 1,:L ([a, b], R N ) the space of absolutely continuous curves 
defined in [a, b]. Given a curve 7 defined on some interval [a, b], a curve 7' defined 
on [a', b'] will be called a reparametrization of 7 if there exists an order preserving 
Lipschitz-continuous map / : [a', b'\ — > [a, b] surjective and such that 7' = 7 o /. The 
Euclidean length of a curve 7 is denoted by Ti}{^). 

For a measurable function g : I — > R N , \\g\\oo stands for ^Y^iLo \\9i\\ 2 L°°(i)> wnere 
gi and ||</i||l°°(j) denotes the i-th component of g and the L°°-norm of gi respectively. 

Throughout the paper, (fi, J 7 , P) will denote a probability space, where P is the 
probability measure and T the a-algebra of P-measurable sets. A property will be 
said to hold almost surely (a.s. for short) in lo if it holds up to a subset of probability 
0. We will indicate by L p (£l), p> 1, the usual Lebesgue space on with respect to P. 
If / € L 1 (r2), we write E(/) for the mean of / on Q, i.e. the quantity f(oj) dP(cj). 

We qualify as measurable a map from Q to itself, or to a topological space M. with 
Borel u-algebra B(M), if the inverse image of any set in T or in B(M) belongs to 
T. This object will be also called random variable with values in M. 

We will be particulary interested in the case where the range of a random variable 
is a Polish space, namely a complete and separable metric space. By C(R N ) and 
Lip K (M n ) we will denote the Polish space of continuous and Lipschitz-continuous 
real functions, with Lipschitz constant less than or equal to k > 0, defined in R N , 
both endowed with the metric of the uniform convergence on compact subsets of 
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W N . We will use the expressions continuous random function, K-Lipschitz random 
function, respectively, for the previously introduced random variables. Actually, 
we will usually omit k and simply write Lipschitz random function. The following 
characterization of random continuous functions holds, see [11] 

Proposition 2.1. Let uj ^ v(-,uj) be a map from to C(JS, N ). The following are 
equivalent facts: 

(i) v is a random continuous function; 

(ii) for every x G M. N , the map uj i— ► v(x,u>) is measurable in f2; 

(Hi) the map (x,uj) v(x,uj) is jointly measurable in R N x O, i.e. measurable 
with respect to the product a-algebra B(M. N ) ®!F. 

Throughout the paper (t x ) x£K n will denote a N -dimensional dynamical system, 
defined as a family of mappings t x : 0, — > f2 which satisfy the following properties: 

(1) the group property: r = id, T x+y = T x oT y ; 

(2) the mappings t x : f2 — » f2 are measurable and measure preserving, i.e. 
F(t x E) = F(E) for every Bef; 

(3) the map (x, uj) i— > t x uj from M. N xfi to Q is jointly measurable, i.e. measurable 
with respect to the product cr-algebra B(W N ) <8> T . 

We will moreover assume that {t x ) x ^n is ergodic, i.e. that one of the following 
equivalent conditions hold: 

(i) every measurable function / defined on O such that, for every x € R , 

f(r x u) = f(uj) a.s. in f2, is almost surely constant; 
(jjj every set A6f such that F(t x A A A) = for every x € has probability 
either or 1, where A stands for the symmetric difference. 

Notice that for any vector subspace V C R , (T^^gy is still a dynamical system 
on fi, but ergodicity does not hold in general. 

Given a random variable / : Q — ► R, for any fixed weD the function x i— > f(r x uj) 
is said to be a realization of f . The following properties follow from Fubini's Theo- 
rem, see 

[H]: if / £ then P-almost all its realizations belong to Lf oc (R iV ); if 

f n — > f in L P (J7), then P~almost all realizations of / n converge to the correspond- 
ing realization of / in L? L(R )• The Lebesgue spaces on are understood with 
respect to the Lebesgue measure. 

The next lemma guarantees that a modification of a random variable on a set of 
zero probability does not affect its realizations on sets of positive Lebesgue measure 
on M. N , almost surely in uj. The proof is based on Fubini's Theorem again, see 
Lemma 7.1 in [18] . 

Lemma 2.2. Let Vt be a set of full measure in £1. Then there exists a set of full 
measure fi' C such that for any uj G Q' we have t x uj £ Q, for almost every x G R . 

Next we state the Birkhoff Ergodic Theorem for ergodic TV-dimensional dynamical 
systems. It establishes a relation between statistical and spatial means. 

Theorem 2.3 (Birkhoff Ergodic Theorem). Let P) be a probability space 

and (t x ) x£ ^n a group of translations as above. Then, for any f E L 1 (Q), the limit 

f*(uj) = lim 4 f(r x uj)dx 
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exists and is invariant with respect to (t x ) x ^n a.s. in oj, where E is any Borel 
subset of~R N with \E\ > 0. Moreover E(/*) = E(/). //, in addition, (t x ) xG ^n is 
ergodic, then = E(/) a.s. in oj. 

We will also need the following subadditive ergodic theorem. 

Theorem 2.4 (Kingman's Subadditive Ergodic Theorem). Let {/ mn : < 
m < n} be random variables which satisfy the following properties: 

( a) /o,o = and / m>n < f m>k + f k>m for every m < k < n; 

(b) {f m ,m+k '■ m > 0, k > 0} have the same distribution law than {f m +i,m+k+i '■ 
m > 0, k > 0}, i.e. for every < mi < • • • < m n , < k\ < • • • < k n , n G N 

IP (n™ =1 f m l >mi+kl (^i)J = IP (n™ =1 / m * +ljmi+fcl+1 (A)) 

for any open subset A{ of R; 

(c) ; c (/o, 1 M) + dPH <+oo. 

Then the following holds: 

(i) ii := lim - [ / 0in (w)dP(w) = inf - f f 0>n (u) dJP(w) G [-oo,+oo); 

(H) foo{u) ■= lim — - exists for ¥ -almost every lj £ fi; 
rwoo n 



(mj / /oo(o;)dP(a;) = /i and, if [i> — oo, i/ien 

/o,n 



n 



/oo m L 1 (Q). 



3. Stationary Random Variables 

In this section we recall the notion of stationarity for random functions and ran- 
dom sets. These objects are of crucial relevance for the extension of Lax-type for- 
mulae to the stationary ergodic setting, see Propositions 14.81 and 14.91 Then we will 
proceed to give the definition and to study the properties of Lipschitz random func- 
tions with stationary increments. Some of these results have been already proved 
in [11] for N = 1. Their generalization to higher dimensions is more subtle and 
requires additional tools, whose presentation has been postponed to the Appendix, 
as well as those proofs that on such tools are based, i.e. Theorems 13. 6| I3751 and [3791 

A jointly measurable function v defined in R^ x ft is said stationary if, for every 
z G R^, there exists a set £l z with probability 1 such that for every oj G Sl 2 

v(- + z,co) = v(-,t z uj) on R^ 

It is clear that a real random variable 4> gives rise to a stationary function v by setting 
v(x,uj) = <P{t x uj). Conversely, according to Proposition 3.1 in [11 j . a stationary 
function v is, a.s. in u>, the realization of the measurable function to \— » v(0,u). 
More precisely, there exists a set f2' of probability 1 such that for every u G £1' 

v(x,uj) = v(0,t x uj) for a.e. x G R^. (1) 

With the term (graph-measurable ) random set we indicate a set-valued function 
X : n -> B(R N ) with 

F(X) := {(x,lo) G R N x n : x G X(u) } 
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jointly measurable in R N x f2. A random set X will be qualified as stationary if for 
every z G R N , there exists a set £l z of probability 1 such that 

X(t z uj) = X(u>) — z for every oj E Sl z . (2) 

We use a stronger notion of measurability, which is usually named in the literature 
after Effros, to define a closed random set, say X(u>). Namely we require X(uj) to 
be a closed subset of 1^ for any u and 

{lo : X{u)f\K^%} 

with K varying among the compact (equivalently, open) subsets of R N . This con- 
dition can be analogously expressed by saying that X is measurable with respect to 
the Borel cr-algebra related to the Fell topology on the family of closed subsets of 
R . This, in turn, coincides with the Effros cr-algebra. If X(uj) is measurable in 
this sense then it is also graph-measurable, see [21] for more details. 

A closed random set X is called stationary if it, in addition, satisfies ([2]). Note 
that in this event the set {lo : X(lo) ^ 0}, which is measurable by the Effros 
measurability of X, is invariant with respect to the group of translations (t x ) x£R n 
by stationarity, so it has probability either or 1 by the ergodicity assumption. 

A convenient way to produce random closed (stationary) sets in R N is indicated 
by the next result, see for a proof. 

Proposition 3.1. Let f be a continuous random function and C a closed subset of 
R. Then 

X{u) := {x : f(x,io) £ C} 
is a closed random set in R N . If in addition f is stationary, then X is stationary. 

For a random stationary set X is immediate, by exploiting that the maps {t x } x ^n 
are measure preserving, that ¥(X^ 1 (x)) does not depend on x, where 

X~ x {x) = {uj : x € X{uj)}. 

Such quantity will be called volume fraction of X and denoted by qx- Note that to 
any measurable subset SI' of Q it can be associated a stationary set Y through the 
formula 

Y(to) := {x : t x uj £ £1'}. 

In this case Y~ 1 (x) = r„ a .il', and so qy = P(f2'). 

The following classical result, which can be obtained as a direct application of 
Fubini's theorem, will play a relevant role in what follows, see |21| . 

Theorem 3.2 (Robbins' Theorem). Let X be a random set in R N . If fj, is a 

locally finite measure on Borel sets, then fJ-(X) is a random variable and 

[ n(X(w))dP= [ P(X" 1 (x))d/i, 
Jn Jr n 

in the sense that if one side is finite, then so is the other and they are equal. 

We next exploit the ergodicity assumption to get, through the Birkhoff Ergodic 
Theorem, an interesting information on the asymptotic structure of stationary sets, 
yielding in particular that stationary sets are spread with some uniformity in the 
space. We refer the reader to [H] for the proof. 
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Proposition 3.3. Let X be an almost surely nonempty closed stationary set in W N . 
Then for every e > there exists R £ > such that 

lim — — > 1 — e a.s. in il, 

whenever R> R £ . 

Given a Lipschitz random function v, we set 

A v (uj) := { x G : v(-,oj) is differentiate at x } . 

Definition 3.4. A random Lipschitz function v is said to have stationary increments 
if, for every z £ K^, there exists a set 2 of probability 1 such that 

v(x + z,uj) — v(y + z, to) = v(x, t z uj) — v(y, t z uj) for all 1^ 

for every u € Q z . 

The following holds: 

Proposition 3.5. Let v be a Lipschitz random function, then A v is a random 
set. In addition, it is stationary with volume fraction 1 whenever v has stationary 
increments. 

Proof. The property of A^ of being a random set can be proved via standard 
measure theoretic arguments, see for instance Lemma 2.5 in |15| for a short proof. 
If v has stationary increments then, for any fixed z £ M. N , 

v{- + z, u) — v(-,t z uj) is constant on 

whenever u belongs to some set f2 2 with probability 1. This implies that x + z is a 
differentiability point for v{-,oj) if and only if x is a differentiability point for v(-,t z uj), 
which, in turn, means that is a stationary. Since A v (u>) has full measure in M> N 
for every ui by Rademacher's Theorem, Robbin's Theorem with [i equal the Lebesgue 
measure restricted to some ball of M, N readily implies that it volume fraction is equal 
to 1. □ 



Next, we state an important stability result for random functions with stationary 
increments which are equiLipschitz, i.e. that all take values in Lip K (lR Ar ) for some 
fixed k > 0. 

Theorem 3.6. Let (v n ) n be an equiLipschitz sequence of random functions with sta- 
tionary increments. Then there exist a random Lipschitz function v with stationary 
increments, a sequence Wk = Yl n >n k ^n v n of finite convex combinations of the v n 
and a sequence g\~ of real random variables such that 

Wk(-, u) + gk{w) =t v(-, uS) a.s. into. 

In addition the sequence of indices {nk)k can be taken diverging. 



Let v be a Lipschitz random function with stationary gradient. For every fixed x G 
M. N , the random variable Dv(x, •) is well defined on A~ 1 (x), which has probability 1 
since A„ is a stationary set with volume fraction 1. Accordingly, we can define the 
mean K(Dv(x, •)), which is furthermore independent of x, see Proposition \AA\ -fi). 
In the sequel, we will be especially interested in the case when this mean is zero. 
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Definition 3.7. A Lipschitz random function will be called admissible if it has 
stationary increments and gradient with mean 0. 



We state two characterizations of admissible random functions. 

Theorem 3.8. A Lipschitz random function v with stationary increments has gra- 
dient with vanishing mean if and only if it is almost surely sublinear at infinity, 
namely 

v(x,w) . 
lim — j — j — = a.s. in uj. \6) 

|;r]-»+oo \x\ 

Theorem 3.9. A Lipschitz random function v with stationary increments has gra- 
dient with vanishing mean if and only if 

x *— > K(v(y, ■) — v(x, •)) = for any x,y £M N . (4) 

Finally, we show that any stationary Lipschitz random function is admissible. 
Notice that in this case E(t>(x, •)) is independent of x, so when such a quantity is 
finite this is just a consequence of Theorem [ 



Theorem 3.10. Any stationary Lipschitz random function v is admissible. 

Proof. Clearly, a stationary Lipschitz random function has stationary increments. 
To prove the assertion, it is therefore enough to show that v(-,u>) is almost surely 
sublinear at infinity, in view of Theorem l3.81 Let k be a Lipschitz constant for v (■, to) 
for every u. The stationary character of v means, cf. ([1]), that for any u in a set of 
probability 1 

v(x,u>) = v(0,t x u>) for a.e. x G M. N . 

We claim that there exists a constant M such that E := {cu £ £1 : |u(0,u;)| < M} 
has positive probability. Indeed, if this were not the case, we would have that E^ := 
{lu : \v(0,u>)\ = +00} has probability 1. An application of Robbins' Theorem with 
/j = C N \_B r for every fixed r > would imply that the stationary random set 

Foo(uj) ={iel N : t x uj £ Eoq, v(x,u>) = v(0,t x u) } 

is of full measure in M> N a.s. in u, yielding v(-,uj) = +00 a.s. in ui, a contradiction. 

Let us fix M such that E has positive probability. Then the closed stationary 
random set 

C(u) = {x£R N : \v(x,u>)\ < M } 

is almost surely nonempty. Accordingly, by Proposition 13.31 there exists a set f^o 
probability 1 such that, for every u £ Oo, 

.. \(C(u)+B n )nB r \ 

lim 7=-, > 1 - E n , 

r-++oo \L>r\ 

where {e n ) n is a sequence decreasing to 0. Fix u> G f^o- Then for every x G ~R N with 
I a; I large enough, we have 

I (C(w) + B n ) n B 2{x{ [ > (1 - e n ) \B 2]x] \. 

For n sufficiently large B 2 \ x ^ £n y/N (x) C B 2 \ x \, and from the above inequality we 
infer 



i.e. there exists y = y(x,n) in C{oS) such that \y — x\ < 2\x\{e n ) l l N + n. Since 
\v(y, uj) | < M, we get 

\v(x,u)\ < \v(x,u) - v(y,uj)\ + \v(y,uj)\ < k (2\x\(e n ) 1/N + nj + M. 

From this we obtain 

\v(x,Uj)\ , .-I/AT 

limsup 1 v ' n < 2k {e n ) 1/N , 

|x|^+oo 1*^1 

and the claim follows letting n — > +oo. □ 



4. Stochastic Hamilton-Jacobi equations 
We consider an Hamiltonian 

H : R N x R N xSl->l 
satisfying the following conditions: 
(HI) the map u> i— > -fT(-, •, oS) from Q to the Polish space C^xl^) is measurable; 
(H2) for every (x,u>) G M. N x ft, H(x, -,u>) is convex on R N ; 
(H3) there exist two superlinear functions a, j3 : — > M such that 

a(b|) < H(x,p,u) </3(\p\) for all (a?,p,w) eR ff xK w x!]; 

(H4) for every (x,lo) G 1 w x $7, the set of minimizers of H(x,-,lo) has empty 
interior; 

(H5) H(- + z, ., u) = H(; -,t z u) for every (z, to) G M N x fl. 

Remark 4.1. Condition (H3) is equivalent to saying that H is superlinear and 
locally bounded in p, uniformly with respect to (x, uj). We deduce from (H2) 

\H(x,p, (J) — H(x, q, u)\ < Lr\p — q\ for all x, u>, and p, q in Br, (5) 

where Lr = sup{ \H(x,p,uj)\ : (x.u>) G M. N x O, |p| < i? + 2}, which is finite thanks 
to (H3). For a comment on hypothesis (H4), see Remark 14.71 

Remark 4.2. Any given periodic, quasi-periodic or almost-periodic Hamiltonian 
Hq : ~R N x M. N — > R can be seen as a specific realization of a suitably defined 
stationary ergodic Hamiltonian, cf. Remark 4.2 in 

For every a G M, we are interested in the stochastic Hamilton-Jacobi equation 

H(x,Dv(x,u),w) = a mR N . (6) 

The analysis performed on it in [11] stays valid in the present multidimensional 
setting, with minor adjustments. We basically refer to it, just recalling the main 
items and pointing out the main differences. 

We say that a Lipschitz random function is a solution (resp. sub solution) of ([6]) 
if it is a viscosity solution (resp. a.e. subsolution) a.s. in u (see [H [2] for the 
definition of viscosity (sub)solution in the deterministic case). Notice that any such 
subsolution takes value in Lip Ka (lR n ), where 

n a := sup{ \p\ : H{x,p,uj) < a for some (x,co) G R N xQ}, 

and this quantity is finite thanks to (H3) . We are interested in the class of admissible 
subsolutions, hereafter denoted by <S , i.e. random functions with stationary incre- 
ments and zero mean gradient that are subsolutions of (JH]). An admissible solution 

10 



will be also named exact corrector, remembering its role in homogenization. Further, 
for any 5 > 0, a random function i>s will be called a 5 -approximate corrector for the 
equation © if it belongs to S a+ $ and satisfies the inequalities 

a — 5 < H(x, Dvs(x, uj), uj) < a + 5 (7) 

in the viscosity sense a.s. in uj. We say that ([6]) has approximate correctors if it 
admits <5-approximate correctors for any 5 > 0. 

The following stability property of admissible subsolutions is a consequence of 
Theorem 13.61 along with the remark that, if in the convergence established there the 
approximating random functions are admissible, the limit too keeps this property. 
The proof is analogous to that of Theorem 4.3 in 

Theorem 4.3. Let (a n ) n be a sequence of real numbers andv n a random function in 
S an for each n. If a n converges to some a, there exist v G S a and a sequence (wk)k 
made up by finite convex combinations of the v n , up to an additive real random 
variable, such that 

Wk(-,Lo) ^ v(-,u>) a.s. inui. 

We proceed by defining the free and the stationary critical value, denoted by Cf(uj) 
and c respectively, as follows: 

c = inf{a G R : S a + 0}, (8) 
c f (w) = inf {a G M : © has a subsolution v G Lip^)} . (9) 

We emphasize that in definition Q we are considering deterministic a.e. subso- 
lutions v of the equation ©, where to is treated as a fixed parameter. The set 
appearing at the right-hand side of ([8]) is non void, since it contains the value 
su P(a;,w) H(x, 0, ui), which is finite thanks to (H3). Furthermore, notice that Cf{r z ui) = 
Cf(uj) for every (z, uj) G R n x U, so that, by ergodicity, the random variable Cf(u>) 
is almost surely equal to a constant, still denoted by c/. Hereafter we will write f2/ 
for the set of probability 1 where cj(uj) is equal to c/. It is apparent that c > c/. 
In what follows, we mostly focus our attention on the critical equation 

H(x,Dv(x,lo),uj) = c inR N . (10) 

It follows from Theorem 14.31 that it admits admissible subsolutions, i.e. S c ^ 0. The 
relevance of the critical value c is given by the following result, see Theorem 4.5 in 
[TT| for the proof. 

Theorem 4.4. The critical equation (|10p is the unique among equations ([6]) either 
an exact corrector or approximate correctors may exist. 

We introduce an intrinsic path distance, assuming in next formulae a > Cf and 
uj G O/. We start by defining the sublevels 

Z a (x,uj) := {p : H(x,p,uj) <a}, 

and the related support functions a a {x,q,uj) by 

a a (x,q,to) := sup{(q,p) : p G Z a (x,uj) } . 

It comes from ([5]) (cf. Lemma 4.6 in [11]) that, given b > a, we can find 5 = 5(b, a) > 
with 

Z a (x,uj) +B S C Z b (x,uj) for every (x,u>) G 1^ x ftf. (11) 
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This property is used in the proof of Theorems 15.11 and 15,31 It is also needed in the 
proof of Theorem 14, 4i It is straightforward to check that a a is convex in q, upper 
semicontinuous in x and, in addition, continuous whenever Z a {x,oS) has nonempty 
interior or reduces to a point. We extend the definition of a a to R N x R N x Q by 
setting o~ a (-,-,u>) = for every uo G f2 \ f2/. With this choice, the function a a is 
jointly measurable in R N x R N x f2 and enjoys the stationarity property 

a a (- + z, -,u>) = cr a (-, -,t z u>) for every z G 1^ and u> £ Q. 

Next, for every a > Cf, we define the semidistance 5 a as 

S a (a;,y,u;) = inf{jf <7 a ( 7 (s),7( 5 ),u;)ds : 7 G Lip^QO, 1],!^) } . (12) 

The function £„ is measurable on l^xl^x Q with respect to the product cr-algebra 
B(R N ) (8> 5(1^) (g> J' 7 , and satisfies the following properties: 

S a (x,y,r z uj) = S(x + z,y + z,u) 

S a {x,y,uj) < S a (x,z,uj) + S a (z,y,u) 

S a (x,y,uj) < K a \x-y\ 

for all x,y,z G R^ and u G fi. According to Proposition 13.11 if? is a random 
(semi)distance, i.e. a random variable taking values in the space of semidistances 
endowed with the local uniform convergence in R^ x R N . We have (see [I?]): 

Proposition 4.5. Let a > Cf and u G f2/. 

^ For any y G R , i/ie functions S a (y,-,u>) and —S a (-,y,ui) are both subsolu- 
tions of {6|). 

f'iij A continuous function cj) is a subsolution of (0|) if and only if 
4>(x) - <f>(y) < S a (y, x, u) for all x, y G R N . 

An immediate consequence of the previous item (ii) is that for any cycle 7 defined 
in [0, 1] J Q a a ( , ~f(s), 7(5), u>) ds > 0, whenever a > cj. We define for every uj G the 
classical (projected) Aubry set (cf. [17]), which plays a special role in the study of 
equation © with a = Cf, as the collection of points y G R N such that there is a 
sequence of cycles j n , defined in [0, 1] and based on y, with 




or, equivalently (cf. [13 Lemma 5.1]), 

inf U cr c/ (7,7,w)ds : 7 G Lip^QO, 1]^), ^(7) > tfj = for any 5 > 0. 

Hereafter we will denote by Af(uS) the collection of points y of R^ enjoying one of 
the two equivalent conditions above. It is closed for every u G $7. Given to G fif, 
a > Cf, and a closed subset C of R , a standard way for producing a subsolution of 
([6]) is by means of the following Lax formula 

inf{w (y) + S a {y,x,u) : y G C}, (13) 

where wo is a function defined on C which is 1 Lipschitz-continuous with respect to 
S a (-, -,<*>), i.e. 

100(a) - w (y) < S a (y, x, to) for every x,y G C. 
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We recall that the function given above is also the maximal subsolution taking the 
value wq on C and hence a solution in \ C . Furthermore we have (see |17j): 

Theorem 4.6. Let to € ftf. Then 

(i) If C C Af(co) then ()13p . with a = ct and wq 1-Lipschitz continuous with 
respect to S Cf , yields a solution on the whole M. N . 

(ii) If U is a bounded open subset ofW N , a > Cf and wq a function defined on 
dU which is 1-Lipschitz continuous with respect to S Cf , then (|13p with C 
replaced by dU is the unique viscosity solution of the Dirichlet Problem: 

H{x, D(p(x),uj) = a in U 

4>{x) = wq(x) on dU . 

(Hi) If U is as above, a = Cf and wq a function defined on dU U (U f] Af) which 
is 1-Lipschitz continuous with respect to S Cf , then (|13j) with C replaced by 
dU U (U n Af) is the unique viscosity solution of the Dirichlet Problem: 

H (x, D(f)(x), oj) = Cf inU\Af 
(f)(x)=w (x) ondUU(UnAf). 

We define for every oj € ft, the set of equilibria as follows: 

£ (cj) := {y € M. : minH(y,p,uj) = Cr }. 
v 

The set £{oj) is a (possibly empty) closed subset of Af{uj) (cf. [T71 Lemma 5.2]). It 
is apparent that Cf > sup xeR jv min pgR jv H(x,p,u>) a.s. in u>; we point out that £(u>) 
is nonempty if and only if the previous formula holds with an equality and the sup 
is a maximum. In this case, £{u) is made up by the points where such a maximum 
is attained. Note that to i— > sup^g^jv min 6R jv H(x,p,tL>) is a random variable and 
consequently, by ergodicity, almost surely constant. 

Remark 4.7. The inclusion £(uj) C Af{oj) depends on the fact that the Cf— sublevel 
{p : H(y,p,uj) < Cf} is non-void and has empty interior when y £ S(uS). The latter 
is a consequence of (H4), and this is actually the unique point where such condition 
is used. 

We proceed giving a stochastic version of Lax formula in order to recover the pre- 
vious properties in our setting. Let C{lo) be an almost surely nonempty stationary 
closed random set in Mr. Take a Lipschitz random function g and set, for a > cj, 

u(x, u) := mf{g(y, uj) + S a (y, x, uo) : y G C(uo) } x£R N , (14) 

where we agree that u(-,uj) = when either C{u) = or the infimum above is — oo. 
The following holds: 

Proposition 4.8. Let g be a stationary Lipschitz random function and C(u>), u as 
above. Let us assume that, for some a > Cf, the infimum in (I14p is finite a.s. in uj. 
Then u is a stationary random variable belonging to S a and satisfies u(-,ui) < g(-,uj) 
on C(u) a.s. in to. Moreover, u is a viscosity solution of © in M. N \ C(u>) a.s. in 

OJ. 

When g is itself an admissible subsolution of ([6]), we can state a stronger version 
of the previous result. 
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Proposition 4.9. Let g be a random function belonging to S a and C(u), u as above. 
Then u belongs to S a . In addition, it is a viscosity solution of © in R N \ C(co), 
and takes the value g(-,oj) on C(uj) a.s. in u. 

As already pointed in the Introduction, the property of being C a closed sta- 
tionary set is of crucial importance to show that formula (|14p defines an admissible 
Lipschitz random function. The proofs of the above results are analogous to those 
of Proposition 5.2. and 5.3 in [11 j . respectively, where the case N = 1 is considered. 

Later on, we will make use of the Lax-type formula (|14p when the random source 
set is either Af or 6. In order to exploit the previous results, we will need the 
following 

Proposition 4.10. 6 and Af are closed random stationary sets. 

Proof. For every (x,uj) G R^ x O, let us set h{x,u)) = mm p H(x,p, uj) and 

f(x,u)=w*H a Cf ( 7 ,j,uj)ds : 7 G Lip^QO, 1], R N ), H 1 ^) > lj . 

Then £(u) = {y £R N : h(y,u) = c f } and Af(u) = {y G R N : f(y,to) = 0}. In 
view of Proposition 13. 1\ it suffices to show that the stationary functions h and / are 
jointly measurable in (x,uj) and continuous in x for every fixed ui. 

The continuity of h in x can be directly deduced from its very definition by making 
use of assumptions (HI) and (H3); for the measurability issue, simply notice that 
h(x,u) = M Pk( zQH(x,p k ,uj). 

Let us consider the random variable /. It is easy to derive from its definition that 
f(x,u) — f(y,uj) < 2 K Cf \x — y\ for every x, y G R , thus proving the continuous 
character of f(-,uj) for every fixed u> £ Q. For the measurability issue, it suffices 
to show that the map lo \— > f(x,u>) is measurable in O for every fixed x G R N by 
Proposition 12. 1L To this purpose, let us fix x G R^, and consider the countable 
family (j n )n of polygonal loops with vertexes in x + Q N , having x as base point, 
and of Euclidean length greater than 1. We claim that 

f(x,u) = mi a c Jj n ,j n ,u)ds, 
n Jo 

which clearly implies the asserted measurability of /. Indeed, for any loop 7 having 
x as base point and Euclidean length greater than or equal to 1, an Euler-type 
approximation provides a subsequence (7n fe )fc of the family uniformly converging to 
7 and such that sup fc ||7 n J!oo < +00. In particular, the curves 7„ fc weakly converge 
to 7 in W 1 ' 1 ([0, 1],R ). Being o~ c A-,-,uS) upper semicontinuous for every fixed lo, 
by classical results of the Calculus of Variations [1] we derive 

limsup / a Cf (j nk , % k ,oj)ds < / a Cf {l, 7, ds. 
fe^+oo Jo Jo 

That yields 

f(x,Lj)<M a c Jj n ,j n ,oj)ds < / a Cf (7, j,u)ds for every uj, 
n Jo Jo 

and the claim follows by taking the infimum of the right-hand side term of the above 

inequality when 7 varies in the family of loops with base point x and of Euclidean 

length greater than or equal to 1. □ 
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5. Stable norms 



In this section, we show the existence of asymptotic norm-type functions associ- 
ated with S a , whenever a > c/, and explore their link with the effective Hamiltonian 
H. Given e > 0, we define 

S £ a (x,y,u) =inf U a a (7(t)/e,>y(t),u)dt : 7 6 Lip^QO, 1],R N ) X 

for every x,y € R^ and u; G O^, where we agree that S^(-, -,uj) = when uj € Q\Qf. 
Note that ^(x, y,uj) = e S a (x/e, y/e, uj). 

Theorem 5.1. Let a > Cf. There exists a convex and positively 1 -homogeneous 
function 4> a : R^ — ► R such that 

S £ a {x,y,uj) z4 cj> a {y-x), x,yeR N . (15) 

for any uj in a set 0, a of probability 1. In addition, (f) a is nonnegative for a = c, and 
nondegenerate, i.e. satisfying 4> a {-) > - | for some S a > 0, when a > c. 

With some abuse of terminology, we will refer to the function cp a appearing in 
the statement above as the stable norm associated with S a , in analogy with the case 
of periodic Riemannian metrics. The above theorem states that (f> a is a Minkowski 
norm (i.e. a norm which fails to be symmetric) when a > c; it can possibly degen- 
erate when a = c, in the sense that 4> c may be identically along some directions. 

Proof. The proof is basically divided in two parts. In the first half, we essentially 
follow the arguments of [22], to which we refer for the details (cf. also |23|). The 
second half, based on a combined use of Egoroff 's and Birkhoff Ergodic Theorems, 
follows an argument provided in [24J, which is also needed in |23j to complete the 
proof of Theorem 1. 

Since for every u the functions {S e a {-, -,uj)} £>0 are equiLipschitz-continuous, the 
local uniformity of the asserted convergence is a consequence of Ascoli-Arzela The- 
orem, once we show that there is pointwise convergence. 

The first step is to consider the sequence of random variables S a (0,nq, uj), where 
q is any vector of R^. The subadditive decomposition through the double indexed 
random variables S a (mq,nq,uj), < m < n, allows to apply the Subadditive Er- 
godic Theorem and deduce the existence of 

lim -S a (0,nq,uj) = lim Sl /n (0,q,uj) 

n—*oo n n—*oo 

for uj belonging to some set VL q of probability 1. The estimate \S a (0,nq,uj)\ < K a n\q\, 
which holds for every uj, implies that such limit is almost surely finite. Since for 
every fixed uj the functions {S^(- , ■ , uj)} £>0 are equiLipschitz-continuous, we derive 
that the same limit is attained by S^(0,q,uj), as e goes to 0, for uj £ Q, q , and stays 
unaffected passing from uj to t z uj for all z € R , which in turn implies that it is 
almost surely constant by ergodicity. By possibly redefining £l q if necessary, we set 

cj )a (q) = lim S £ a (0,q,uj), uj G Q g . (16) 
e^O 

Then <j) a is Lipschitz-continuous with Lipschitz constant K a . By taking a sequence 
(qVi)n dense in R^ and exploiting the equiLipschitz-continuity of {S^(0, •, uj)} £> o 
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and (f>a(')j we see that the convergence in (|16p takes place for any q G R whenever 
uj G Q a '■= n„r2 gn . In addition, by the Subadditive ergodic Theorem 

S £ a {0,q,uj) ^ <p a (q) mL 1 ^) for any q G R^. 

Let us now fix x, y in R^. Since S^(x, y, uj) = 5^(0, y — x, T x i e u) a.s. in uj, and r^/g 
is measure preserving, we deduce 

E(|^(0, y-x,-)- Mv ~x)\) = ms*a(x, y, •) - Mv ~ x)\), 

and so 

Sa(x,y,uj) ^ 4> a (y - x) in 1^(0). 

We now proceed to show that there exists a fixed set of probability 1 on which 
this convergence also holds pointwise, for any pair x, y in R^. For this, we make a 
combined use of Egoroff 's and Birkhoff Ergodic Theorem. 

Since the functions q i— > 5„(0, q, uj) are equiLipschitz-continuous and locally equi- 
bounded for every uj we deduce that, for every r > 0, 

sup \Sl(0,q,u) - <f> a (q)\ — -> uj G £l a - 

\q\<2r e ~ >0 

We use Egoroff's Theorem to make this convergence uniform in ui on large sets, 
when r G Q + (the set of positive rational numbers): for every 5 > 0, we find a set 
A s with P(fi \ A s ) < 5 such that 

sup sup \S £ a (0,q,uj)-<j> a (q)\ — ■» 0, 

ueA s \\q\<2r J e ^ u 

for every r G Q + . The Birkhoff Ergodic Theorem applied to the function \ A yields 
the existence of a set £l s of probability 1 with 

lim tXaA t xUj) dx = ¥(Ag) for every uj G 

R-*+ooJ Br 
in other terms for every uj G ft s 

\{x£R N : T x ueAs}nB R \ 



lDrl >¥(As)-5>l-25, (17) 

whenever R is large enough. We set Q a := n^gQ+il' 5 . Given ujq G Q a , for any a > 
we can therefore find, according to (|17p . a pair of positive numbers 5(a) and i?(a) 
such that, if \zq\ > R(a), any ball centered at zq with radius exceeding a\zo\ must 
intersect {x : t x ujq G }, or equivalently 

1^0 ~~ A < «ko| for some z with r^wo G A^( a ). (18) 

Now fix a > 0, and pick a pair of points x,y in R^. We assume that they both 
belong to B r for some r G Q + . Let £o be such that 

sup sup \Sl(0,q,u) - 4> a (q) | <« for e < e 



and 

\x 



> R(a). 
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We denote, for e < Eq, by z £ a point such that (fT8j) holds true with z £ , | in place of 
z, zq, respectively. Accordingly \x — ez £ \ <«r, and for e < Eo we have 

\Sl(x,y,uj ) - (j) a (y - x)\ <\S £ a (x,y,uj ) - S £ {ez £ ,y,uJ )\ 

+ \S £ a (ez £ ,y 1 uj ) - 4> a (y - ez £ )\ + \<p a (y - ez £ ) - (f) a (y - x)\ 

< 2n a ar + \S £ a (0,y- £z £ ,t Z£ oj ) - cp a (y - ez £ )\ < a (2n a r + 1). 

As a was arbitrarily chosen, we conclude that 

lim Sl(x,y, uj ) = <j) a {y - x), 

as desired. 

It comes from its very definition that <j) a is positively homogeneous. To prove that 
it is convex, we pick uj G Q a , A G (0, 1), x,y in H N , and we pass to the limit, as e 
goes to 0, in the inequality 

S e a (0, Xx + (1 - A) y,u>) < S £ a (0,Xx,to) + S e a (Xx,Xx + (1 - A) y,u). 

For the sign of <p a , we take v G S c . From (jlip we know that, for every a > c, there 
exists 5 a > with 

sum,*) = ,s„«w^) > 5M + -(^-■'((M 

for any g G R . In addition, 5 a > when a > a By the sublinear character of 
v(-,lj) a.s. in cj, we obtain in the limit 4> a (q) > S a \q\. □ 
We proceed recalling a result proved in \22\ I23j. In what follows, we will denote 
by L the Lagrangian associated with H via the Fenchel transform, i.e. 

L(x, q,oj) := max ( (q,p) — H(x,p, tu)) , (x, q, uj) G R n x 1^ x 17. 



Proposition 5.2. For e^ery x,y £ R , w G O and t > let 

h t (x, y, u) := inf ( / L( 7 , 7, w) ds : W^flO, t], K"), 7(0) = x, 7 (i) = y 



T/ien t/iere exists a convex and superlinear function L : R — ► R such that for any 
oj in a set £Iq of probability 1 the following convergence holds 

M^l ^ L(q), q G W N . (19) 

The function L is called the effective Lagrangian, and the effective Hamiltonian 
is accordingly defined through the Fenchel transform as follows: 

H{p) = max ( (p, q) — L(g)) for every p G M. N . 



Theorem 5.3. For every a > Cf, the stable norm <p a is the support function of the 
a-sublevel of the effective Hamiltonian H . 

Proof. We denote by W a (-) the support function of the a-sublevel of H. From the 
inequality L(x,q,uj) + a > a a (x,q,uj), holding for any a > ct and (x,q, uj) G M. N X 
R-^ x Qf, we infer 

h t (0,Xtq,uj) +at 1 

At -^-S o (0,Atg,u;) 
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for every A > and t > 0. Passing to the limit for t going to +00 we find 

A" 1 (L(Xq)+a) > Mq) 
and, taking into account the identity 

a a (g) = inf {A" 1 (L(Xq) + a)}, 

we conclude that a a {-) > 4>a{-)- We divide the proof of the converse inequality in 
two steps. 

Case 1: a > Cf. Clearly, it is enough to show that a a (q) < (p a (q) for every 
q G S N_1 . Let us fix such a q and pick an u>o such that both (fl~9j) and (fl~5j) hold. For 
every n G N, let 7„ : [0, £ n ] —>■ R N be a curve parameterized by the arc-length with 
7n(0) = 0, 7n(^n) = nq and such that 

f-in 

1 + S a (0,nq,uo ) > / o- a (7„,7„, wo) dt. 
io 

We first claim that there exists a constant C such that n < t n < C n for every 
n G N. Indeed, let u G Lip(M iV ) such that H(x, Dv(x), u ) < c/ a.e. in R N . As 
a > Cf, there exists by (fTTj) a constant <5 a > such that 

o"a(7n,7n, w ) > u(nqr) -u(0) + 



so the claim follows with C = (1 + 2n a )/5 a . According to the results proved in [9] 
(cf. Lemma 3.4, Proposition 3.7 and Lemma 3.14) there exists a Borel-measurable 



function A a : M. N x § N - 1 -> [0, +00) such that 

L(x,X a (x, v) v,u>o) = a a (x, A a (x, v)v,u>o) — a for every (x, v) G R-^ x 
Furthermore A a enjoys the following inequality 

— < A (a;,t;) < A a for every (x,v) G R N x S^" 1 , 
A a 

where A a is a positive real constant depending on H and a only. Set 
/nO) := / t / — 7 ; . f A s d? for any s G [0,£ n ], 

JO Aa(7n(?)>7n(g) 

and ip n = Z" 1 on [0, f n (£ n )]. It is easily seen that (p n is a strictly increasing bi- 
Lipschitz homeomorphism from [0, f n (£ n )] to [0,4J, and that n/\ a < f n (£ n ) < 
CX a n. Arguing as in [9], we get that the curve 

£n0) := (7n°V ? n) («), S G [0, /„(£„)] 

is a reparameterization of 7„ such that 

fMin) , . v 

<7 a (j n ,j ni uJo)dt = j \^L(£, n ,£, n ,uJo) + aj dt. 

For each n G N, let f n (£ n ) = X n n with A n G [l/A a ,CA a ]. Up to subsequence, we 
can assume that A n — > A as n — > +00. Then we get 

1 + S a (0,nq,u ) h\ nn (0,nq,u ) _ h\ nTl (0, X n n q/X n , cj ) 

> \- A n a — A n \- A n a 

n n X n n 

and sending n — > +00 we finally obtain 

cj) a {q)>X{L{q/X) + a) >a a {q). 
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Step 2: a = Cf. We want to show that <fi Cf {-) = °~c f (')- By the previous step and 
by definition of a a we have 

a c Jq) = inf W a (q) = inf <j) a {q) for every q £ R N . 

We therefore get the assertion showing 

(j> Cf (q) = inf <f> a (q) for every q £ R N . 

1 a>c i 

The inequality <p Cf (q) < inf a>Cf cj) a (q) comes directly from the monotonicity of a i— > 
S a (0,nq,u>). For the converse, we fix q and invoke Kingman's Subadditive Ergodic 
Theorem to get 

<f> a (q) = inf - E(5 a (0, nq, ■)) for every a > c f . 

neN n 

Since S Cf (0,nq,oj) = inf a>C/ S a (0, nq, uj) for every u, the Monotone Convergence 
Theorem then implies 

-E(S Cf (0,nq,-) = - inf E{S a {0, nq, •)) > inf <j> a (q), 
n n a>cf a>c f 

and sending n — > +00 we obtain <f> Cf (q) > inf a > C/ <fta(q)i as claimed. □ 



6. Final results 

In this section we exploit the previous analysis on stable norms and the Lax for- 
mula given in Section U] to establish relevant properties of the effective Hamiltonian 
as well as some existence/nonexistence result for exavt and approximate correctors. 



Theorem 6.1. min R iv H = Cf. 

Proof. The inequality min R iv H < c/ is immediate since the c/- sublevel of H is 
nonempty, being a c . = <j> c , finite by Theorems 15.11 and 15.31 

Let us prove min K iv H > c/. Pick an u in flf. By Proposition 2-1.1 in [8] we 
know that, for every a < cy, 

inf (ht(0, 0, u) + at) = —00, 

in particular there exists to > such that h to (0, 0, u) + ato < 0. Since ht+ s (0,0,uj) < 
ht(0, 0, u) + h s (0, 0, uj) for every s, t > by the definition of ht, we infer 

liminf ^(0,0,^) + ^ < ^ n (h to (0, 0,u) + at ) < Q ^ 
t— >+oo t — nto 

In view of Proposition 15.21 we get L(0) + a < for every a < cj, that is — L(0) > cj. 
The assertion follows since — ^(0) = min K jv H. □ 

We exploit Proposition 14.81 to get 

Proposition 6.2. Lei a > Cf such that the corresponding stable norm is nondegen- 
erate. Then equation ([6]) admits admissible stationary subsolutions. 
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Proof. By hypothesis there exists 5 a > such that 4> a (q) > S a \q\ for every q G R N . 
By Theorems 15.11 and 15.31 we derive 

,. ■ f S(y,x,u) N 

fimini — : 1— > o a tor every x G K 

\ y \-*+oc \y-x\ 

a.s. in ui . In particular inf^gigjv S a (y,x,uj) > — oo a.s. in u> for every fixed x £ M^. 
According to Proposition 14.81 an admissible stationary subsolution of ([6]) is obtained 
via CE]) with g{-,uj) = and C(w) = 1^ for every uj. □ 



We make use of the previous results to give a characterization of the stationary 
critical value. 

Theorem 6.3. c = inf{a > cj : <p a is nondegenerate} . If c > ct then <f) c is 
degenerate but nonnegative. 

Proof. Let us call fi the infimum appearing in the statement. According to Theorem 
15. H c > The converse inequality is apparent by Proposition 16.21 since equation 
© admits admissible subsolutions for every a > fi. 

Assume by contradiction that c > Cf and <p c is nondegenerate. Then, since <j) a 
coincide with a-sublevel of H, by continuity the same property holds for (j) a with 
a < c and suitably close to c. That is in contradiction with Proposition 16.21 □ 

Remark 6.4. In view of Theorem 15.31 the property of being <p a non-degenerate 
is equivalent to the condition G Int(Z a ). So Theorem 16.31 can be equivalently 
restated by saying that c = inf{a > c/ : G Int(Z a ) }, with G dZ c whenever 
c > Cf. See [TTJ for the analogy with the 1-dimensional case. 

We derive from Proposition 16.21 and Theorem 16.31 

c := inf{a £l : Q admits stationary subsolutions}. 

The infimum appearing in the formula is not necessarily a minimum, namely we 
cannot expect, in general, to find stationary critical subsolutions. 

The next theorem relates the effective Hamiltonian to the stationary critical value. 
The result has been already established by Lions and Souganidis in [20J through PDE 
techniques. We propose a new, simpler proof based on the properties of the intrinsic 
metrics and on Theorems 15.11 15.31 

Theorem 6.5. H coincides with the function associating to any P G 1^ the sta- 
tionary critical value of the Hamiltonian H(x, P + p,uj). 

Proof. We first prove the assertion for P = 0, i.e., with the notation used so far, 
that -f^(O) = c. We know by Theorem 15.11 that 4> c {q) > for every q G M. N . This 
means, in view of Theorem 15.31 that G Z c , i.e. c > H(0). On the other hand the 
inequality c > H(0), i.e. G Int(Z c ), may occur only when c = c/ by Remark 16.41 
but this is not possible since -ff(O) > Cf by Theorem 16. 11 

To prove the assertion for any P G M , we apply the previous argument to the 
Hamiltonian Hp(x,p,u>) := H(x, P + p,uj) and derive that Hp(0) = cp, where Hp 
and cp are the associated effective Hamiltonian and stationary critical value. To get 
the assertion, it is left to show that -ffp(O) = H(P). To this purpose, denote by Lp 
the Lagrangian associated with Hp. It is easily seen that Lp(x, q, uj) coincides with 
L(x,q,uj) — (P,q), so the claimed equality follows from the definition of effective 
Hamiltonian by exploiting Proposition 15.21 with Lp in place of L. □ 
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We now address our attention to the issue of the existence / nonexistence of exact 
or approximate correctors. 

Theorem 6.6. 

(i) If c = Cf and Af(uj) 7^ a.s. in u, then there exists a corrector for (llOj) . 

(ii) If 4> c is nondegenerate, then c = Cf and a corrector for (jlOp exists if and 
only if Af(uj) ^ a.s. in uj. 

(Hi) If 4> c is nondegenerate and Af(oj) ^ a.s. in u, then the classical Aubry set 
is an uniqueness set for the critical equation, in the sense that two correctors 
agreing on Af(uj) a.s. in uj, coincide on the whole M. N a.s. in uj. More 
precisely, any corrector u can be written as 

u{x,uj) = ini{u(y,uj) + S c (y, x,uj) : y G Af(uj)} a.s. in uj. (20) 

Proof, (i) By Proposition 14,101 Af (uj) is a stationary closed random set. Hence, 
for any g G S c , the function u given by the Lax formula with a = c, Afiuj) as source 
set and trace g on it, is a corrector by Theorem 14.61 (i). 

(ii) The equality c = ct follows from Theorem 16.31 If Aj{uj) ^ a.s. in uj, a 
corrector for (jlOp exists by assertion (i). To prove the converse implication, let us 
assume by contradiction that a corrector u does exist and that Af(uj) = a.s. in uj. 
Pick uj such that Af(u>) = and u(-,uj) is a viscosity solution of ([10]) . Take n G N. 
Since the classical Aubry set is empty, we derive by Theorem 14.61 that u(-,tu) is the 
unique viscosity solution of the Dirichlet Problem 

J H(x, D(/)(x),uj) = Cf in B n 

[ 4>(x) = u(x, uj) on dB n , 

and 

u(x,uj) = min {u(y, uj) + S c , (y, x, uj) } x G B n . 
yedB n 

We deduce that there exists a diverging sequence (y n )n such that 

S Cf (y n ,0, u) = n(0, uj) - u(y n , uj) for every n £ N. 

By exploiting the fact that u(-,uj) is sublinear a.s. in u, we derive 

. . f S c (y,0,uj) . u(0,uj) -u(y n ,uj) 
mm cp c Aq) = limml — - — < limmt : — : = a.s. m uj, 

?e giv-i t |y|-»+oo \y\ n-^+oo \y n \ 

in contrast with the hypothesis that (j) Cf is nondegenerate. 

(Hi) We take a corrector u and fix an a; G Vtf such that u(-,uj) is a solution to 
(fTUj) sublinear at infinity and Af(u>) ^ 0. Arguing as for item (ii), we see that for 
any given xq G M. n there is n = n(uj) such that 

u{xq,uj) < \ni{u{z,uj) + S c {z,xq,uj) : z — xq G dB n }. 

According to Theorem 14.61 (iii). we deduce the existence of yo G Af{uj) with 

u(x ,uj) = u(y ,uj) + S c (y , x ,uj), 

and consequently 

u(x ,uj) >ini{u(y,uj) + S c (y,x ,uj) : y G Af(uj)}. 
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On the other side by Theorem 14,61 (i) the right hand-side of the previous formula 
is the maximal subsolution to (jlOp taking the value u(-,lo) on Af(u), which implies 
([20]). ' □ 



In the case where c = c/ = sup^gjjiv min pgR jv H(x,p,io) a.s. in to, item (i) of the 
previous theorem can be complemented as follows: 

Proposition 6.7. Assume c = Cf = sup xE ^N mim, 6R iv H(x,p, lo) and Af(u) = 
a.s. in lo, then equation (jlOp admits approximate correctors. 



Proof. We fix g £ S c and define, for any 5 > 

£ s (to) = {xeR N : min H(x,p,u) >c-5}. 



Arguing as we did for £ in Proposition 14,101 we see that £${uj) is a closed random 
stationary set and is, in addition, a.s. nonempty. We claim that Lax formula with 
£s(u) as source set and g as trace on it, provides a ^-approximate corrector. 

We denote by v$ the random function constructed as above indicated. By Proposi- 
tion 14.81 we already know that v g is an admissible subsolution to (jlOp , and a solution 
as well on R N \£ s {lo) a.s. in lo. Further, if (j) is a C 1 test function touching vs(-,lo) 
at y £ £s{lo) from below, then H(y, D(f>(y,Lo),io) > c — 5 by the very definition of 
£s(to), as it was to be shown. □ 

A class of critical stochastic equations satisfying the assumptions of the previous 
theorem are those of Eikonal type 

\Du(x,lu)\ 2 = V(x,lo) 2 inR N , (21) 

where V : R N x!l->l is a jointly measurable function satisfying: 

(1) V(x + z,uj) = V(x, t z lo) for every x, z £ R N and to € $7; 

(2) V(-,lo) is continuous on M. N for every to ; 

(3) = inf R jv V(-,ui) < sup^jv V(-,co) < +oo a.s. in lo; 

(4) V(x,ui) > for every x 6 M. N a.s. in lo. 

We can show, by exploiting an example in [20J, that a random function of this 
type does always exist in any space dimension, cf. Example 16.81 below. 

If we add to the assumptions of Proposition 16.71 the nondegeneracy of the critical 
stable norm, then we can also assert, according to Theorems l6.6l (ii). the nonexistence 
of exact correctors. In dimension 1 a sufficient conditions for such a nondegeneracy 
is that there is a strict critical admissible subsolution; this role is for instance played 
by the null function for the above described Eikonal class. The point is that in 
the 1-dimensional case the a-sublevel of the effective Hamiltonian, for any a > cj, 
coincides with the averaged a-sublevel E[Z a ] of H, given by 

E[Z a ] = {E($) : $ measurable selection of co i— > Z(0,lo)}. 

Due to the stationarity properties of the Hamiltonian, the previous definition does 
not change if we replace by any other x € M. N . For every x, the map lo h- > Z(x,lo) 
is a random closed set taking compact convex values and (see |21j ) 



<TE[Za](<l) = E (°"a(x,g,w)), 
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where a indicates the support function. In dimension 1 any such selection with 
vanishing mean gives rise, by integration, to an admissible subsolution, see 
which actually explains why the existence of a strict admissible critical subsolution 
implies the nondegeneracy of the critical stable distance. 

The situation is quite different in the multidimensional setting, where we can just 
assert that the sublevels of H are contained in the corresponding averaged sublevels 
of H . The next example shows that this inclusion can be strict and that the critical 
stable norm can be (even completely) degenerate in presence of a strict admissible 
critical subsolution. 

Example 6.8. We provide below an example in dimension N = 2 of a function V 
satisfying assumptions (1)— (4) such that, for every w in a set of probability 1, 

So(0,tq,u) N _ x 
hm = for every q G s> , 

t^+oo t 

where 5o is the distance associated with H(x,p,u) := \p\ 2 — V(x,uj) 2 via (Jl2"j) with 
a = 0. According to the results obtained in the previous section, we derive that the 
corresponding stable norm is null, i.e. completely degenerate. Note that the null 
function is a strict admissible critical subsolution. 

To this purpose, we start by defining a function Vb : T 2 — > R as follows: 

Vq(zi, Z 2 ) = 2 — COs(27T,Zi) — COs(27TZ2) (zi, z 2 ) G T 2 . 

Let us choose a A G R\Q and set v\ = (1,0), v 2 = (A, 0), V3 = (0,1), V4 = (0, A). 
Next we choose as the torus T 4 , as P the Lebesgue measure restricted to T 4 , and 
as T the <7-algebra of Borel subsets of Q. We define a group (r x ) xeR 2 of translations 
on £1 as follows: 

(t x (uj)). = uii + {vi,x) (mod 1) for every uj G Q, and i G {1,2,3,4}. 

The group of translations (t x ) xG ^2 is ergodic, see for instance Appendix A in [12]. 
We define a function V on R 2 x f2 as 

V(x,u) = V (uji + xi,uj 2 + Axi) V (uj 3 + x 2 ,W4 + Ax 2 ), 

where x = {x\,x%) G R 2 and uj = (wi, W3, W4) G £1. Clearly, V is a jointly mea- 
surable function satisfying the above assumptions (l)-(3). Furthermore, V verifies 
assumption (4). Indeed, the function V(-,lo) attains its infimum on R 2 (that is, the 
value 0) if and only if u G (S x T 2 ) U (T 2 x S), where 

S := {(zx,z 2 ) G T 2 : Vq{z\ +t,z 2 + At) = for some t G R }. 
We claim that |S| = 0. More precisely, 

£ = {(zi , z%) G T 2 : \z\ — z 2 = An — m for some n,m G Z }. 

To see this, note that (z\, z 2 ) G S if and only if there exists t G R such that 

Z\ + 1 = n, z 2 + Xt = m for some n, m G Z, 

and this occurs if and only if \z\ — z 2 = Xn — m for some n, m G Z, as it was claimed. 

According to the results of Section [5j we know that, for every u in a set Oo of 
probability 1, we have 

lim S (x,x + tq,oj) for every x G R^ and q G S^ -1 . (22) 

To prove that Wq(-) = 0, it is enough, by the properties enjoyed by cfo, to show 
that <7o(ei) < and CTo(e2) < 0, where {ei,e2} is the canonical basis of R 2 . 
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We only prove the assertion for ei, being the other case analogous. Pick an u = 
(ui, U2, UJ3, uJi) G Uq, and fix an e > 0. The orbit {(103 + x%, W4 + AX2) : X2 G R} 
is dense in T 2 for A is irrational, so there exists a point x e = (0,y £ ) G R 2 such that 
Vb((w3, U4), (0, y e )) < e. By moving along the segment joining x £ to x £ + tex, we 
obtain ^ 

Sq(x £ , x £ + tex, w) < / V(x s + stex,uj)\tex\ds < 4et, 
Jo 

from which we derive tfo(ei) < 4e by (|22p . This concludes the proof as e is an 
arbitrarily chosen positive number. 



Appendix A. 

The aim of this section is to provide complete proofs of Theorems 13.61 13.81 and 
For this, we need to develop some preliminary material. 

We define an ^-parameter group (U x ) xeWL N of isometries on (L 2 (Q)) N via 

U X :(L\Q)) N - (L\Q)) N 

for every x € R . The group (U x ) x& ^n is strongly continuous, in the sense that 

lim \\U X $ - n (LHn)) N =0, $ G (^(ty)" , 
see [18]. Using this property, it is easy to prove: 

Lemma A.l. Let 7 : [0, T] -> 1^ 6e 0/ ckss C 1 . T/ien for every $ G (L 2 ^))^ 
the map t 1— > (CL(^$,7(t)}j /rom [0, T] to L 2 (f2) ; is continuous. 

Hence, for every curve 7 : [0, T] — > R^ of class C 1 we can give a meaning, in the 
Cauchy sense, to the integral 

' T (U^ t) $^(t))dt= / T <$(r 7( ^),7(t))dt (23) 
J 

as an element of L 2 (f2). We note that (|23p is invariant under changes of parameter- 
ization; moreover, it makes sense even when 7 is piecewise C , i.e. it is continuous 
and of class C 1 on [0, T] up to a finite set of points. For any such 7 we write 

J $(w):= j£ (C/ 7(t) $(a;),7(t))dt a.s. in w. 
The following result holds: 

Lemma A. 2. lei 7 : [0, T) -> R N be a piecewise C curve. Then the map 



is linear and continuous from (L 2 (£l)^ N to L 2 (Q). 

It is a direct consequence of the previous lemma that, if <3? n — > $ in (L 2 (r^)) iV , 
then, for any given piecewise C 1 curve 7, one can extract a subsequence <3? nfc with 



/ $ nj ,(cj) — > / $>(lj) a.s. in w. 



'7 
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Note that here the subsequence depends on the curve 7. The step forward in the 
next result is to show that, under suitable additional assumptions, the sequence 
(^fc)fc can be chosen in such a way that the above convergence takes place for any 
curve. 

Lemma A. 3. Let {<& n )n be a sequence in (L°°(Q,)) N with sup ra ||$ n ||oo < k for some 
k > 0. If <& n converges in (L 2 (Q)) N to some function then, up to extraction of a 
subsequence, 



<& n (w) —> / a.s. in uj 

J 7 

for all piecewise C 1 curve 7. 

Proof. Up to extraction of a subsequence, a.s. converges to <£. The set 
{(x,u) : lim® n (T x uj) = $(t x uj) , \$ n (T x uj)\ < k for any n}, 

n 

is clearly measurable with respect to the product cr-algebra B(W n ) <g> T ', and so the 
almost sure convergence of to $ and the boundedness assumption on $ n imply 
that its cc-sections have probability 1 for any fixed x £ M. N . We derive from Fubini's 
Theorem that there exists a set O' of probability 1 such that, if uj G f2' 

® n (T x oj) —> $(t x w), sup \<& n (T x u)\ < k for a.e. x G R N . (24) 

n 

The set 

X(lo) = {x : $ n (T x oj) -> $(r x w), sup \§ n (r x u;)\ < k} 

n 

is accordingly a stationary random set with volume fraction 1. Therefore, given a 
piecewise C 1 curve 7, by applying the Robin's Theorem with \x equal to TC 1 restricted 
to 7, we see that H 1 (7 \ X(uj)) = for uj belonging to some subset of Q of probability 
1. For such an u the claimed convergence on 7 holds true thanks to the Dominated 
Convergence Theorem. □ 

We proceed by giving a closer look to the differentiability properties of Lipschitz 
random function with stationary increments. 

Proposition A. 4. Let v be a Lipschitz random function with stationary increments. 
Then there exists $ € (L°°(il)) iV such that: 

(i) for every uj in a set of probability 1 

Dv{x,lo) = <$>(t x oj) for a.e. x el" '; (25) 

(ii) for every closed piecewise C 1 curve 7 



/ <3?(w) = a.s. in uj. 



In addition, the equality A25\) holds, for any fixed x, a.s. in uj. 

Proof. Let k be a positive constant such that v(-,uj) is K-Lipschitz for every uj. For 
each i 6 {1, • • ■ , N} we define 

, . , . v(x + hei,uj) - v(x,lo) 

Wi(x,uJ) = sup mi . 

ngN heQnB 1/n h 
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Such function is jointly measurable in R^ x Q, satisfies |u>j(x,u;)| < k for every 
x G M. N and u G S7, and, in addition, it is stationary, being v with stationary 
increments. By ([I]), there exists a set il' of probability 1 such that 

Wi(x,u)) = Wi(0, t x uj) for a.e. x G ~R N and any uj G 

Moreover, for every G 0, 

Wj(x,cj) = d Xi v(x,uj) for every x G A v (u). 

Since A v (uj) has full measure in R^ by the Lipschitz character of v(-, uj), the equality 
([25]) is obtained by setting = iOi(0, •). 
For any udSJwe set 

X(uj) = {x G A„(o;) : Dv(x,uj) = ®(t x uj)}. 

By taking into account that A„ is a stationary random set (cf. Proposition I3.5j) and 
that v has stationary increments, we see that X is a random stationary set. Fur- 
thermore, from (|25p we deduce that its volume fraction is 1. By Fubini's Theorem, 
we deduce that for any fixed x G M. N the equality ([25]) holds a.s. in uj. 

Given a piecewise C 1 closed curve 7 : [0,T] — > W N , we invoke Robbins' Theorem 
with n equal to "H 1 restricted to 7 to deduce that Ti 1 (7 \ -^(w)) = for uj belonging 
to some subset of f2 with probability 1. For such an uj we get 

*H= / (X>«(7(t),a;),7(t))d* = «(7(r) ) a;)-«(7(0),a;) 



and the assertion follows as j(T) =7(0). □ 

Conversely, we have 
Proposition A.5. Let $ G (L°°(n)) N with 



&(u>) = a.s. in uj 

for every closed piecewise C 1 curve. Then there exist a Lipschitz random function v 
with stationary increments and a set f^o of probability 1 such that, for any uj G £Iq, 



Dv(x,u>) = &(t x uj) for a.e. x G 
Proof. Let us set 

v(x,uj) = [ ($(T tx uj),x)dt, (x, uj) G M n x f2. 
Jo 

Note that v is jointly measurable in (x,uj). By assumption we also have that, for 
every fixed x G R , 

■y(x,o;) = / (<J>(T 7 (f) 7(i)) di, a.s. in w (26) 
Jo 

whenever 7 is a piecewise C 1 curve, defined in some interval [0, T], joining to x. 
For every i = 1, • • ■ , N we derive from ([26ft 

u (x + /i ej, cj) — v(x, uj) f 1 



h 



/ Q^Tx+the, w) dt for any x, a.s. in w, 
Jo 
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where h is a discrete positive parameter. Hence 

Jn n Jn Jo 

< I j \§(T x+thei u) -$(r^)| 2 dtd¥ = I \\U the ^-H 2 {L2m Ndt, 

where in the last equality we have used Fubini's Theorem and the fact that the 
probability measure P is invariant under t x . The previous relation implies, by the 
strong continuity of the group (U y ) y£K N 

v(x + h ej, w) — v(x, uj) = , . . ,- 9/ ^ 
-^^M in L 2 (Q), 

h /i— >0 
for every x G M> N ; accordingly, thanks to Fubini's Theorem 

v(x + hei,uj) — v(x, u) 



h h^O 



$i(T x u) in L 



a.s. in u>. This is, in turn, equivalent to the equality d Xi v(x,u) = <&i(T x uj), for 
i = 1, • • ■ , N, in the sense of distributions, a.s. in u. Therefore, being $ essentially 
bounded, v(-,uj) is Lipschitz-continuous with Dv(x,u>) = &(t x uj) for a.e. x G H N 
and every w in a set of probability 1. By suitably assigning the value of v(-,lj) 
on Q \ f^o, we extend the Lipschitz character of such function to all uj. Therefore v, 
being also jointly measurable in R N x tt, is a Lipschitz random function, as asserted. 

It is left to show that it has stationary increments. Let us fix z G R . Then, by 
(|26|) . for every x, y G 1^ 



v(x + z,uj) — v(y + z,ui) 



t)y+z w )> x ~ y) di (27) 

Jo 







($(r te+(1 _^(T 2 u;)),x -y)dt = v{x,t z uj) - v(y,r z u). 



for every w in a set of probability 1. Such a set does not depend only on z, as 
required to prove the claim, but also on x and y. To overcome this difficulty, we set 



n z = n ni f] n XjV 



Clearly P(f2 2 ) = 1, and by the continuity of v(-,u) we derive that, for any u G Q, z , 
the equality (|27p now holds for all x,y G R , as required. This ends the proof. □ 

We make use of the results presented above to prove Theorems 13.61 [3781 and [3T9l 

Proof of Theorem 13.61 The scheme of the proof is similar to that of Theorem 
3.8 in [11]. We denote by <3? n the functions of (L°°(f2)) Ar associated to v n through 
Proposition IA.41 Since the are bounded in (L 2 (Q)) N , a sequence made up by 
finite convex combinations of them, say = ^2 n >n k ^n^ni converges to some <J> in 
(L 2 (Q)) N . By Lemma [A. 2 1 up to extraction of a subsequence 

/ * fc (w) -> / a.s. in u, (28) 

J -7 Jy 



27 



for any piecewise C 1 curve 7. This implies, in particular, f $>(uj) = a.s. in uj for 
any closed curve 7. We can thus associate to $ a Lipschitz random function v with 
stationary increments using Proposition IA.51 and we can further assume v(0, u) = 
a.s. in uj. Let Wj. be a sequence of Lipschitz random functions with stationary 
increments defined as in the statement and set gfc(w) = —Wk{0,uj). Given a point x 
and a piecewise C 1 curve 7 connecting to x, we have, a.s. in u), 

w k (x,uj) + g k (uj) = h$ k (u) for any k £ N 

J-y 

Jj 

Therefore Wk(-,uj) + <7fc(w) converges pointwise to v(-,uj) a.s. in a>, by ([28]) . By 
construction, the sequence Wk(-, u)+gk(uj) is almost surely equiLipschitz-continuous 
and locally equibounded. By Ascoli Theorem, it must indeed locally uniformly 
converge to v(-,uj) a.s. in uj, as it was to be proved. □ 



Proof of Theorem 13.81 Let k be a Lipschitz constant for v(-,uj) for every uj. We 
start by proving the sublinearity property assuming the gradient to have vanishing 
mean. The first step is to show the existence of a set 17' of probability 1 such that 

Jim "(fa.fcO = o for any x G r jv and w e n /_ ( 29 ) 

We fix x £ and denote by $ € (L OD (Q)) N the function associated with v through 
Proposition IA.4[ Then 



v(tx, uj) — v(0, uj) ''' 



/<*( 

JO 



r sx w), x) ds for every i > 0, 



t 

a.s. in a>. By applying Birkhoff Ergodic Theorem to the function uj \— » ($(u),x) and 
the dynamical system (T sx ) s eM., we get that 

v(tx, uj) — v(0, u>) 

hm 

t 

does exist a.s. in uj and is almost surely equal to some measurable function k(ui). It 
is easy to see that, for every z € Mr, k{r z uj) = k(ui) a.s. in uj. Indeed, 

v(tx, T z Uj) — v(0, T z Ul) v(tX + Z,Uj) — v(z, Uj) 

t ~~ t 

for v has stationary increments, and 

v(tx + z, uj) — v(z, uj) v(tx, u) — v(0, oj) 



a.s. m uj 



2 k\z\ 



t t 

By ergodicity, we derive that k(-) is a.s. constant, say equal to some k £ R. Using 
the Dominated Convergence Theorem we infer 

k= }im [ v(tx,u)-v(0,u) = nm r _fl^ TsxUJ ^ x)dsd¥iuJ y 

By exploiting the fact that P is invariant with respect to the translations r y , we get 

I -fmr sx uj),x)dsdF{uj) = I [ ($(T sx uj),x)dF(uj)ds = (E($),x), 
Jn Jo JoJn 
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and the limit relation in (|29p follows for E($) = by hypothesis, at least for some 
set £l x of probability 1 depending on x. We then exploit the Lipschitz character of v 
to see that (j29|) holds with f2' = D xe QN^l x - We pick u) € $7'; the family of functions 
y i — y v (ty>v) ^ ^ g are e q U ib unded an( j equiLipschitz continuous, for y varying in 



dB\, and so it uniformly converges to 0, as t — > +oo, by Ascoli Theorem and ([29 
Accordingly, given e > 0, we find 



\u(x)\ MM^)I 



< £ 



for |x| large enough, as claimed. 

We proceed to prove the converse implication. By Birkhoff Theorem we can find 
an uj for which the convergence ([3]) takes place and 



E($i) 

Let us denote a point x in f w 

-/ d Xl v(x,uj) dx = 4 
J\-R,R] N J\- 



lim 



f d Xl v(x, 

J[~R,R] N 



lo) dx. 



by (zi, y) G R x 1^ 1 , we have 

d Xl v(xi,y,u) dx! dy 



R,RY 



-R 



R,R] T 



v(R,y,uj) - v(-R,y,u) 
R 



dy 



< 2 max 

l-R,R] N 



\v(x,u)\ 
R 



which implies E(<l?i) = in force of the assumption. Similarly we show that E(<J>j) 
vanishes for any i = 2, • • • N. □ 



Proof of Theorem 13.91 Let us fix x, y in R w and denote by 7 the segment 
ty + (1 — t)x, t S [0,1], and by Q the vector E(<3>), where <3? is the function of 
(L 00 (J7)) iV associated with v through Proposition IA.4I Using Robin's Theorem, as 
in Proposition IA.41 we get 

v(y, uS) — v(x, u>) = / (^(tjmu)), y — x) dt a.s. in w, 
Jo 

and by integrating on Q 



E(v(y,-)-v(x,-)) = 




= [ ([ $(T j{t) u)dF,y-x) dt=(Q,y-x). 
Jo Jn 

Now, if v has gradient with vanishing mean , i.e. if Q = 0, then follows, con- 
versely, if ([!]) holds, then it is enough to take y — x = Q in (|50"|) to get Q = 0. □ 
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